Whether plants can evolve to promote flammability is controversial. Ecologically, fire only spreads in landscapes when many plants are flammable, but collective behaviours among large groups are difficult to evolve at the individual level. Here, we formulate a model that examines how flammability can spread from rarity, combining individual-level costs and payoffs of flammability with landscape-level fire spread, sufficiently generic to analogize flammability among grasses, Mediterranean systems, and others. We found that fire-prone and fire-suppressing landscapes, composed of flammable and non-flammable plants, respectively, were alternatively stable in some environments, and flammability therefore only increased from rarity in environments when fire-proneness was the only stable state. Thus, firevegetation feedbacks alone probably did not drive the evolution and spread of flammability. However, evolution of flammability did promote fireproneness in temporally and spatially heterogeneous environments: when flammable plants already occupied some substantial fraction of a fire-prone landscape, a positive feedback with fire could maintain flammability in a decreasingly favourable environment, and fire feedbacks could expand the distribution of flammability traits from fire-prone into fire-suppressing areas in a heterogeneous landscape. Thus, fire feedbacks could potentially have promoted the widespread invasion and persistence of flammability traits to their current widespread prominence.
Introduction
That plants might evolve to promote fire is an old and tantalizing idea in evolutionary ecology [1] . Flammability may result from a diversity of mechanisms [2] , including volatile secondary compounds [3] , accumulation and/or shedding dry biomass [4] , or growth architectures that promote fuel drying [5, 6] . Among taxa, plants certainly vary in how readily they burn [5, 7] , suggesting that flammability may be evolvable [2, 8] .
Early efforts to explain flammability in plants focused at the community level [1] . The argument suggested that plant communities-rather than individual plants-actively promote fire via flammability traits in order to exclude plants that are not fire tolerant but that suppress fires and out-compete flammable plants. This historic focus on the community level captures an essential feature of fires, that fires spread through landscapes of plants, often at very large scales [9, 10] , and that most plants burn because their neighbours set them on fire, not because they ignited on the spot-after all, individual plants rarely, if ever, catch fire alone. Logically, fires are often modelled as a spatial infection process [11, 12] , wherein fires spread locally from one flammable patch to another. In a static random landscape this is called percolation, and these models also have characteristic emergent behaviours at macroscopic scales: below a critical threshold in flammable cover, fire cannot spread at all, but above that threshold, fires spread readily through the entire flammable landscape [11] . In reality, although experimental tests of this prediction are difficult to achieve, fire does have a threshold response to the cover of flammable vegetation in the landscape, at least phenomenologically [13, 14] . Thus, successful fire spread results macroscopically from collective flammability across individual plants in the landscape.
However, while fire spread may be an emergent property of a whole plant community, the community or landscape is not actually a relevant unit of selection. That selection might act on groups is a contentious suggestion even when groups are closely related [15] [16] [17] , and most flammable systems-including Mediterranean type, savannah, and coniferous ones-host an impressive taxonomic and even functional diversity of flammable and fire-tolerant plants. To address these criticisms, subsequent work has focused on resolving the possible individual-level benefits of flammability. Some authors have given up on the evolution of flammability, arguing that burning can never be beneficial for plants, and that any apparent flammability is just a by-product of other, actually beneficial plant traits. In this framework, plants are at best only fire adapted or fire tolerant [18, 19] . However, a separate line of work has argued more formally that flammability (i.e. the active promotion of fire spread by plants) can be beneficial, successfully scaling down Mutch's community-level advantages of burning to the scale of the individual plant [4, [20] [21] [22] . These approaches also rely heavily on fire adaptations (e.g. serotiny or resprouting), but link these adaptations to flammability, in some cases explicitly via, for example, genetic hitchhiking [20, 23, 24] , in such a way that burning offers a relative fitness advantage compared to less flammable but also less fire-tolerant neighbours. In this second scenario, flammability can (at least hypothetically) evolve because burning offers a relative fitness advantage over less flammable, but also less fire-tolerant neighbours. A final possibility, less often formalized in models, is that flammability could have direct benefits for some types of plants-for instance, in the case of grasses, which can self-shade when they accumulate too much biomass, decreasing productivity and fecundity [25] [26] [27] [28] ; in this case, flammability could contribute absolute (instead of relative) fitness advantages.
However, while recent models have managed to scale flammability traits down to the individual level (and even sometimes include spatial elements, e.g. gene flow), they ignore the core strength of Mutch's original hypothesis: the fact that, while individual plants can be flammable, burning is a collective phenomenon. In a non-flammable landscape, one individual becoming more flammable will have a negligible effect on fire occurrence, such that flammability is not an individual functional trait at all, but instead is truly a shared functional trait of groups. As such, alone, the general assumption that fire yields some fitness benefit at the individual level (argued elegantly in previous work, as discussed above) does not entirely resolve the issue of level of selection of flammability. Recent models ignore this, assuming that individuals catch fire without explicitly considering the dynamics of fire spread through the landscape. This translates into the paradoxical and naive assumption [14, [29] [30] [31] [32] [33] [34] ] that vegetation does not have a role in determining whether fires occur or not and that climate alone determines whether fires occur, and it remains unclear a priori how mutations at the individual level can promote the evolution or maintenance of flammability at the level of the community.
Novel insights will rely on models (conceptual or mathematical) that manage to resolve this tension, combining the potential for individual-level fitness benefits of flammability with the collective nature of fire spread within large groups of plants. Flammability differs markedly from other evolutionary systems in this sense, because group behaviours evolve most readily in small groups, when a high local density of cooperators or participants results in a local payoff for the individuals involved (and some nonparticipating neighbours) [35, 36] . As such, the existing literature on evolution of cooperation, for example, offers few hints beyond the suggestion that evolving group behaviours in large groups is a real challenge.
Here, we formalize a model in which we assume that there are individual fitness advantages to burning, but in which fire spread is a function of the collective flammability of an entire landscape. We use a generic model for the fitness benefits of flammability-relying on previous results that demonstrate that flammability could potentially be adaptive [20, 23, 24] . The genericity of this model makes it suitable to general applications across flammable systems, from diverse flammable plants in Mediterranean and coniferous systems to grasses, which dominate savannah ecosystems. In both, fire has dramatic effects on plant functional traits and ecology [37] [38] [39] [40] and has been implicated (although not conclusively) in their early evolution and spread [8, 41, 42] . Here, we ask how the collective nature of fire spread might limit the success and spread of flammability traits, aiming to elucidate whether, and under what conditions, flammability traits can succeed in dominating landscapes. This key component of the evolution of flammability has so far been entirely neglected.
Model description
Here we examine a spatial model based on some simple assumptions about flammability in plants. First of all, we assume that burning has absolute fitness advantages for plants. This directly captures potential advantages to burning among grasses, which self-shade dramatically [25] [26] [27] [28] with associated increases in productivity and fecundity when they burn. The analogy is not perfect for Mediterranean-type or coniferous systems, where existing work suggests that the benefits of burning to flammable plants come as relative, rather than direct, fitness benefits as a result of also being more fire-tolerant than neighbours or more able than neighbours to take advantage of post-fire recruitment opportunities [20, 23] ; some have suggested, however, that the fitness advantages of burning may be direct in Mediterranean systems as well [43] -at least for the most flammable plants. For the sake of simplicity, we restrict ourselves to a simple direct fitness advantage, leaving more complex mechanisms for further studies.
Secondly, we assume a general cost to flammability as a trait, incurred, for example, via the production of architectures and compounds that make plants flammable [3, 4, 7] or, in more general terms, via trade-offs that make them less fit in non-fireprone contexts. For example, serotiny confers a real fitness benefit in fire-prone landscapes, but results in unsuccessful reproduction and thus lower fitness in fire-free landscapes [8, 44] . By the same token, grasses that burn readily are often not very palatable or decomposable [7, 45] , thereby increasing the likelihood of biomass accumulation and thus self-shading in fire-free landscapes. These costs are paid most particularly when the plant does not actually burn, analogizing self-shading [28, 46] or failures in serotinous reproduction [44, 47] in landscapes where fires do not occur. As such, the costs of being flammable depend on the probability that a plant burns, which is a function just of its individual flammability, but also of the flammability of the other plants in the landscape-after all, most plants burn not because they are ignited directly, but because fire spreads from adjacent flammable plants [11, 12] .
In total, this yields a model that is both biologically welljustified but also sufficiently general that it can analogize any flammable plant type. The model differs most crucially from past examinations of the evolution of flammability in its integration of individual fitness with fire spread at the landscape scale (among landscapes of plants); we expect the absolute fitness benefit implemented here to produce results that are qualitatively similar to a relative fitness function. We describe the model in detail below, elaborating biological justifications for assumptions. A summary without biological detail is provided in electronic supplementary material, appendix A. [20, 23, 24] , but expect the fitness function here to generally analogize the phenomenon. The costs of being flammable and not burning might then include reduced growth rates compared to nonflammable plants, or reduced reproductive success in landscapes that are not fire prone. In grasses, the fitness benefits of burning are directly linked to moisture, since dry grasses burn well but decompose poorly, while those that retain moisture (low f ) decompose microbially and are palatable to herbivores, but resist burning. Of course, flammability could depend not just on the flammability traits of the plant itself, but also on the environment. Two clear examples demonstrate this environmental dependence. First, flammability is linked to moisture, which could depend in part on plant traits but also clearly depends on the environment [49] [50] [51] . Another second example is a dramatic increase in the likelihood of fire during periods, on palaeontological time scales, with higher atmospheric oxygen [47, 52] . We therefore explicitly consider the role of the environment in determining realized flammability ( f real ). Realized flammability of a plant at site z, f real (z), is calculated as
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represents an individual plant trait, while f min (z) and f max (z) are environmental; intuitively, high values for f max and f min correspond to local conditions that promote flammability (e.g. a dry or oxygen-rich environment), and vice versa. We assume that plants are perennial, and that their fitness is determined by how well they grow over multiple years, with a probability of mortality m that we link to their fitness. This corresponds reasonably well to resprouting systems, where plant mortality is not strongly linked to fires themselves [37, 38] , but potentially represents a notable departure from the ecology of other flammable systems where fires are stand-replacing, with widespread recruitment of new individuals via serotiny or from the seedbank after periodic fires [8] . The fitness and mortality structure that we approximate here does not capture widespread, fire-linked, episodic mortality particularly well, but, again, is a more generalized, generic, and tractable assumption than the alternative.
Overall, a plant's fitness (which determines m) is a function of its flammability trait f, with payoffs associated with low flammability (e.g. more rapid growth rates or longevity, nonserotinous reproduction, prevention of self-shading via decomposition) in environments that do not burn. Payoffs to burning, by contrast, depend both on the local flammability of the plant ( f real ), but also on whether and where fire actually spreads in the landscape. Plants catch fire with some local probability of infection p z when an adjacent plant is burning, depending on their moisture. Formally, p z ¼ f real (z). But the overall probability that a plant burns depends not just on its own probability of burning given a burning neighbour, but also on the probability of its neighbour burning given another burning neighbour, and so on through the landscape. So how can we approximate this landscape-scale fire spread process?
Fire spread as an infection process
Existing models for the evolution of flammability traits have all focused in systems where fires are environmentally determined, where plants can expect to burn regardless of the flammability traits of the landscape [4, 18, 20, 23] . In this environmental context, determining when a plant burns is not of paramount importance. In reality, however, fire spread is undoubtedly a spatial process, which makes predicting whether and when plants will burn a real challenge in systems where fires are not an environmental inevitability. Mesic savannahs and grasslands are the best example of this; fire-vegetation feedbacks likely maintain both fire and vegetation spatial distributions [14, 29] . In these environmental contexts, understanding how flammability emerges will depend on including minimal but realistic fire spread models. Here, we use an infection process in a spatial landscape [11, 12] to approximate how fire spreads, and to determine when individual grass tufts actually burn.
At some random site in the landscape, an ignition z ign [ Z 2 starts a fire with probability p ign . The initial burning plant ignites adjacent plants with their own local probability of infection p z , and so on, spreading fire through the landscape. The result is a burned patch originating from the ignition at z ign .
Membership of a plant z to the burned patch determines whether it experiences a fire or not, and therefore whether payoffs accrue via burning or not. We describe the mathematical and computational approach to defining the burned patch in detail below (Fire Spread in a Spatial Landscape).
Evolutionary dynamics
At each time step, loosely corresponding to the end of the dry season, we assume some random, discrete probability of mortality (m) that depends on whether z burned. Fitness is determined via the flammability f real of a plant, with a constant payoff when a plant experiences fire, and payoffs that depend on the flammability f when it does not. Formally, where a is a constant, p NF ( . ) is a non-increasing function that represents payoffs when fire does not occur (e.g. grass decomposition [53] [54] [55] or non-serotinous reproduction [8] ), and p F is a constant that represents payoffs when fires occur (via biomass consumption of grasses or serotiny). Crucially, we assume, for the remainder of this manuscript, that the fitness benefits of being flammable in a fire-prone landscape are higher than those of being non-flammable in a non-fire-prone one. For example, in the case of grass in savannahs, this means that fire would be a more efficient consumer of grass biomass than microbes or herbivores, such that p F . p NF ( f real ) for all f real . A plant that dies is then replaced by the offspring of one of its neighbours, where neighbours are defined according to some dispersal kernel k(x, y) with x, y [ Z 2 .
An offspring inherits f from its parent with probability 1 2 p mut , where p mut represents the probability of a mutation. When a mutation occurs, the offspring takes a new flammability trait value
where f(z) is the flammability trait for the parent, 1 is either 21 or 1 with equal probability, and Df ! 0 is the mutation size, which we assume to be small. This assumes evolution via small trait mutations, which may or may not be realistic, especially when morphological changes are discrete in response to small mutations, as they are in the evolution of C4 from C3 photosynthesis [5] . However, again, this represents a reasonable starting point. Thus, the plant flammability landscape evolves over time in response to the frequency of fire ignitions and the humidity of the environment. Crucially, the existence of a burned patch in the landscape depends on the flammability of the entire landscape of plants. Flammability of the landscape is thus not individually controlled, and the fitness of a plant is determined both by its own traits, but also by the traits of the surrounding landscape. In a heterogeneous moisture landscape (i.e. where climate and thus f min and f max vary), evolutionary dynamics vary locally.
Model analysis 3.1. Semi-analytical evolutionarily singular strategy
For analytical insight, we temporarily make the simplifying assumptions of a landscape with homogeneous climate (i.e. f min (z) and f max (z) are constant functions, such that we can assume f ¼ f real ), an infinite population, and infinite dispersal. In a monomorphic landscape with flammability trait f, we introduce a mutant with trait f 0 at the origin. From equation (2.2), an individual plant's probability of mortality m depends on whether a plant burns or not. Thus, the fitness of the mutant f 0 in a landscape of f is directly related to the quantity
where F( f 0 , f ) is the probability that the mutant site at the origin catches fire after an ignition. We find a singular strategy, wherein a small mutation is neutrally advantageous, at
and the stability condition is given by
The first order condition yields
In other words, a singular strategy occurs when the advantage of burning more frequently due to an increase in f (LHS of equation (3.3)) offsets the increased costs of being more flammable via loss of payoff when fire does not occur (RHS of equation (3.3)).
Fire spread in a spatial landscape
Further insights into the existence and stability of an evolutionarily singular strategy rely on a more complete understanding of the probability of a mutant burning following an ignition, F( f 0 , f). More specifically, from equation (3.4), we need to compute both F( f, f ) (the probability of a resident type f burning in a landscape of f ) and @ f 0 F( f 0 , f)j f 0 ¼f . While the first term can be computed via Monte Carlo methods, the second is trickier. Computing derivatives numerically is a notoriously noisy process. For this reason, we have developed a method-based on percolation theory-to express this derivative using a term which does not involve any derivative terms (see equation (3.10) below), and which can also be computed efficiently via Monte Carlo simulations. In addition to providing fast and robust numerical schemes (allowing us to explore a large domain of the parameter space), our method provides a way to relate the singular evolutionary strategy to bond percolation, which is a well-studied model in statistical physics [56] . This approach will be used to give analytical insights into the numerical simulations provided in the section Results and Simulations.
We now specify in more detail the model outlined in the section Fire Spread as an Infection Process. We define a spread model for a single fire on an unoriented sublattice of Z 2 with nearest neighbour interactions. We fix N (which will eventually go to infinity) and we initiate a fire at a random ignition site z 
Bond percolation and the monomorphic case
The classical bond percolation model considers the behaviour of connected clusters in a random graph, or landscape (see In a nutshell, one can distinguish between two regimes: (a) when p 1/2 (the subcritical regime), all clusters are finite, and (b) when p . 1/2 (the supercritical regime), there exists a unique infinite cluster, the density of which in the infinite landscape is given by the deterministic quantity u( p) . 0.
From this result, it is clear that, when p 1/2,
Indeed, as 0 and z
ign move further apart (as N goes to infinity), the probability that they belong to the same finite cluster goes to 0. By the same token, when p . 1/2, 0 and z ign are both arbitrary sites, the probability that each one belongs to the infinite cluster is equal, and equal to the density of the infinite cluster in the landscape. Formally:
where C 1 (p) is the infinite cluster. It can be shown that these probabilities become independent as N goes to infinity, and thus that 
Punctured bond percolation and perturbation of the monomorphic case
Fire spread in a monomorphic population corresponds closely to the classical bond percolation model as described above, because probabilistic fire infection in a monomorphic population is random. However, as soon as we allow the population to evolve and introduce a mutant f 0 into the population at the origin, classical bond percolation no longer holds; the landscape is no longer random. To address this, we formulate a slight variation that we call the punctured percolation model, which is simply defined from the original bond percolation model by deleting the connections to f 0 at the origin such that,
The motivation for this formulation is that, in order to reach the mutant f 0 at the origin, fire must first propagate to one of its neighbours-say, y-and then from y to 0. As a consequence, the origin 0 belongs to the burned patch B 
calculating the probability P 0 under the punctured bond percolation model. Obviously, since the punctured percolation model is only a local modification of the original bond percolation model, the existence (or non-existence) of an infinite cluster is identical to the original model. Further, the density of the infinite cluster for the punctured percolation model is identical to the density for the classical percolation model, and thus,
where C 0 1 (p) is here the infinite cluster in the punctured bond percolation model. Combining equations (3.6) and (3.8),
The expression in equation (3.9) corresponds directly to the probability that a mutant f 0 burns in a landscape of f, defined above as F( f 0 , f ). We are thus most of the way to an expression for @ f 0 F( f 0 , f)j f¼f 0 . Differentiating equation (3.9) with respect to p 0 and substituting p ¼ f yields 
Results and simulations
So far, we have described and analysed coupled flammability evolution and fire spread models. What does this coupled model mean for the potential success of a flammability trait or mutation in a landscape of plants? First, we draw some conclusions from the foregoing mathematical analysis. For f 1/2 (the subcritical regime, where f is the resident flammability trait of grass plants in the landscape), we have u( f ) ¼ 0 and, from equation , f)j f¼ f 0 ¼ 0, such that increasing flammability of a single plant alone does not make the landscape any more likely to propagate fire. Because this is true for all f 1/2, it is clear that a large range of starting f will evolve towards non-flammability (see also figure 2 ). This answers one of our main questions with respect to the evolution of flammability: fire spread is a collective phenomenon, and one flammable mutant alone is cannot propel the system towards a state in which fire spreads readily.
Conversely, when f c ¼ p c . 1/2, fire can spread in the landscape, the marginal benefit of evolving to be more versus less flammable becomes less obvious, and depends on the probability that a plant actually catches fire, and on the relative pay-off of burning, p F , versus not, p NF ( f ) (see equation (3.3) ). However, we have assumed that p F . p NF ( f ) for all f, such that, when fires are sufficiently frequent in the landscape, evolving to be more flammable is advantageous.
Thus, at least for some parameter combinations, two evolutionarily stable strategies are possible, one flammable strategy in which the landscape burns readily and a non-flammable one in which it does not. Computational analyses of analytical results in equations (3.3), (3.4) and (3.10) confirm this (figure 2). For other parameter combinations, however, only one evolutionarily stable strategy is possible. For instance, in a very non-fire-prone environment (e.g. very wet or lowoxygen conditions), fires may never be possible (when, e.g. f min ¼ 0 and f max is also small). Conversely, some landscapes may always be flammable (e.g. very dry or seasonally dry conditions) and flammability traits evolve in response to this but always maintain landscape flammability (e.g. see right side of figure 4 or t , 20 k in figure 5 ).
We can also more thoroughly explore the range of parameters under which a flammable equilibrium is possible. From equation (3.1), the evolutionary gradient rE can be expressed as
Next, we assume some b such that p NF ( f ) ¼ bp F (1 2 f ), where higher b corresponds to more efficient plant performance under conditions where fire does not occur. Thus b captures the relative performance of plants in fire-prone versus fire-free conditions. Substituting into equation (4.1),
Thus, we see that the sign of the evolutionary gradient in the supercritical range (when f . 1/2, such that u . 0), and therefore the stability of the fire-prone equilibrium, depend on only the probability of ignition in the landscape, p ign , and the relative efficiencies of plants in the two environments, b. In simulation, starting at an initial condition with f ¼ 1, the landscape evolves towards a flammable equilibrium under a wide range of parameters, in particular when b is sufficiently small (i.e. when performing well in the absence of fire is impossible) and/or p ign sufficiently large (i.e. when fires are reliably frequent; see figure 3 ).
In the homogeneous landscapes we have considered so far, fire can often maintain the flammability of a fire-prone landscape, even where fires are not environmentally inevitable. However, fire alone cannot cause a rare flammability trait to invade an environment that does not already burn (such that the de novo evolution of flammability was probably not driven by a feedback with fire). Moreover, a flammable individual cannot invade this landscape from low density, because a low density of flammable plants cannot actually spread fire. Invasion analyses, like the ones we have presented here, always examine how mutants invade a landscape from low density [57, 58] . This approach is necessary but somewhat limited: when there are several equilibria (as there are here), invasion analyses do not predict the domain of attraction of each equilibrium. Insights into the ecological and environmental scenarios that determine the evolutionary outcomes of the system are therefore limited. To resolve this important issue, we need to call upon numerical simulations. Simulations were performed on a torus sufficiently large to phenomenologically capture the dynamics of the infinite landscape assumed above for analytical results. At N ¼ 400, they are still relatively small, such that results are applicable both to small fire-prone patches and to continental scale invasion dynamics. As we shall now see, our model predicts that the dominance of flammable systems might be explained by at least two environmental scenarios.
A first scenario examines the ecological and evolutionary effects of landscape heterogeneity. Can flammable plants evolve in very fire-prone parts of the landscape and then invade more areas that are not inevitably fire prone, where two evolutionarily stable strategies are possible, via some spatial invasion process? Here, we set up a landscape divided in half between an environment that is fire-prone regardless of the flammability traits of the plants in the landscape and one that can be, but is not necessarily, fire prone (see figure 4 ; e.g. an arid and more mesic patch). We found that, in the deterministically fire-prone part of the landscape, plants rapidly evolve to optimize flammability. Then, gradually, these flammable plants begin to invade the margins of the potentially fire-resistant half of the landscape, and eventually the entire landscape is fire-prone ( figure 4) . Thus, when flammable rsif.royalsocietypublishing.org J. R. Soc. Interface 15: 20180444 plants make up some fraction of the landscape of sufficient size for fire to spread meaningfully, the fire-prone patch can expand and take over the entire landscape.
A second scenario examines the effects of temporal heterogeneity in the environment. Here, we considered a spatially homogeneous environment that varied in time. During an extended period of inevitable fire-proneness (e.g. an arid period or one with high atmospheric oxygen concentrations [47, 52, 59] ), plants evolved to optimize their flammability, because non-flammability would have been costly. We then considered two possible scenarios for temporal change. In the first the fire-proneness of the environment decreased abruptly; in this case, evolution of flammability could not keep up, and the landscape abruptly became non-fire-prone (figure 5). However, when environmental change was sufficiently slow, f evolved to maintain flammability even in novel environments where fire was not inevitable (figure 5). Obviously, the capacity of evolution to keep pace with environmental change will depend as much on the rate of mutation p mut as on the rate of environmental change; this reflects an active debate in, for instance, the anthropogenic global change literature. However, during periods of more gradual environmental change than the present (e.g. during the Miocene [41, 60] or Cretaceous [52] ), trait evolution might at least in theory have played a role in maintaining fire-prone landscapes in novel climate in which fire was not inevitable.
Discussion
We have developed a model to examine the evolution of flammability in a landscape where fire spread is an explicitly spatial process. The model assumes fitness benefits of flammability (examined more explicitly elsewhere [20, 23, 24] ) that are sufficiently general that they are relevant to a diversity of flammable systems, including diverse Mediterranean systems (where fire-dependent reproductive traits are widespread [8] ) and grassy savannahs (where fire, but also decomposition and herbivory, consume moribund biomass and prevent self-shading [28, 46] ). However, individual flammability does not solely control whether a plant burns or not; fire spread is explicitly spatial, described by an infection process and approximated by percolation [11, 12] , such that plants can only catch fire when enough of the rest of the landscape is also flammable. Thus, fire-proneness of the landscape is collective, while flammability and its payoffs are assumed to be individual. Firstly, our model demonstrates that fire can maintain a flammable trait in a landscape, even where fires are not an inevitable result of environment. Of course, the model replicates the empirical observation that, in some environments (e.g. conifer forests in California today or semi-arid savannahs), fire can spread regardless of the flammability traits of the plants therein, although the model suggests that plants may nonetheless evolve flammability traits in response to their fire-prone environment. Similarly, fires may never occur in some other (e.g. consistently wet) environments. However, in some intermediate environments, fire-prone and fire-suppressing landscapes were both stable, maintained by a feedback between fire and plant flammability traits. This evolutionary dynamic mirrors an ecological one: fire -vegetation feedbacks are thought to expand the distribution of grassy ecosystems and of fire well beyond their strict environmental limits [14, 29, 42] , from semi-arid systems into more mesic systems where fire-suppressing vegetation represents the climate maximum. The potential for this dynamic to apply to flammable systems outside savannahs is less well known, but may also merit investigation.
However, the fact that fire-prone and fire-suppressing landscapes were alternative stable states also demonstrates that flammability could not spontaneously spread within a fire-suppressing landscape to make it fire prone. This was true despite two key assumptions that are often invoked to explain the de novo evolution of group behaviours: (a) that dispersal is local, resulting in small patches of participants that are closely related or otherwise share participation traits [35, 36] , and (b) that payoffs are at least partly individually owned [61] . This case differs in one critical way: because fire can only percolate above some critical, non-trivial density of flammable individuals in the larger landscape, individuals only receive payoffs from participating when a large proportion of the individuals in the landscape also participate. This counters the benefits of having kin (or participants) as neighbours in this case. The original problem remains, that cooperation within large groups is notoriously difficult to evolve.
How, then, can flammability emerge in environments that are not already fire prone? Our results suggest two possible mechanisms. Firstly, although fire feedbacks may not have driven the evolution of flammability alone, fire could potentially have facilitated the spatial invasion of flammability from a fireprone landscape (where it evolved) into neighbouring ones. Figure 5 . Evolution of plant flammability f through time in a temporally varying environment. At t ¼ 0, the environment was such that that fires were inevitable (e.g. dry or with high atmospheric oxygen), but environmental fire-proneness decreased starting at t ¼ 20 k such that bistability in landscape flammability was eventually possible (i.e. f max was 1 throughout but f min decreased from 1 to 0.6). Only the rate of decrease in f min varied across simulations (slopes have arbitrary units, where slope ¼ 1 represents gradual change and slope ¼ 10 represents rapid change). When the environment changed slowly, f evolved within a flammable landscape to maintain flammability, but when the environment got wetter quickly, evolution of f could not keep up with the pace of climate change and evolved instead towards the non-flammable equilibrium. For this simulation, a ¼ 1, rsif.royalsocietypublishing.org J. R. Soc. Interface 15: 20180444 empirical perspective, this mechanism is consistent with the idea that flammability in Mediterranean systems evolved in small landscape patches during the Tertiary, followed by firedriven expansion to more widespread dominance [62] . This mechanism is also consistent with the observation that flammability-linked traits in grasses probably evolved long before grasses expanded to dominance at the global scale [63] [64] [65] . It may be the case the flammability first arose as an incidental by-product of a semi-arid environment [66, 67] (note, however, a substantial literature arguing that herbivory was also, even primarily, important [64, 68] ), but that fire was nonetheless primarily responsible for the ecological explosion of flammable Mediterranean systems during the Tertiary [62] and then grasses during the Miocene [41, 60, 69] .
Alternatively, widespread atmospheric conditions-an oxygen-rich environment during the Cretaceous [47, 52] or, much later, aridity among grasses [66, 67] -could have been responsible for both the local evolution and eventual ecological expansion of flammability traits. Even so, our results suggest that environment is not necessarily responsible for maintaining the current distribution of flammable plants and fire-prone ecosystems in the Earth system. Plant traits, even if they were totally static in the face of environmental change, might perpetuate a fire-prone landscape even in a decreasingly or variably fire-promoting environment. Evolution of flammability traits could also contribute to maintaining fire-proneness in the landscape, when environmental change is sufficiently slow. A feedback between fire and flammability, either static or evolving, thus potentially maintains fire-prone landscapes in a breadth of environments where it could not have originally evolved.
The model we have considered here is conveniently simple-we considered the evolution of a single trait, responsible for an evolutionary trade-off axis with direct fitness benefits. This strongly simplifies the dynamics of distributions of fire-prone systems versus their fire-suppressing alternatives in the modern context. Flammable grasses now compete against forest trees and no longer against non-flammable grasses, which in the tropics today are largely relegated to the forest sub-canopy. Our model also oversimplifies flammability in Mediterranean, coniferous, and even some savannah systems in which diverse taxa and plant growth forms promote fire within the context of the same biome or even community. Consider pine savannahs in the American Southeast, where both trees and grasses promote fire spread [70] , or South African fynbos, where restios, proteas, and ericaceous shrubs all spread fire together [20] . The simplicity of these results becomes their strength, however; anywhere that fire has tangible payoffs for an individual plant, fire may play a potential role in maintaining landscape fire-proneness and in expanding fire-prone ecosystem distributions, although we expect further work that directly addresses alternative fitness functions to be of additional interest.
Recent work has taken issue with the suggestion that plant flammability traits could play a role in shaping fire regimesmostly from a conceptual, loosely theoretical perspective [18, 19] . Here, rigorous and formal theoretical analysis has demonstrated that feedbacks between plant flammability and fire can promote the spread and success of flammability traits, shaping fire regimes to the extent that plant traits potentially determine whether fire is present at all in some ecosystems. Clearly, further empirical work is necessary to examine both the assumptions and results of this modelling effort. However, if flammability is evolvable and does expand the global distribution of fire beyond what is environmentally inevitable, we will not understand either the current distribution [71, 72] or long-term temporal dynamics [73, 74] of fire in the Earth system without explicitly considering plant flammability.
Data accessibility. All work presented in this paper is theoretical, and all equations and parameters required to replicated results are presented in the text.
